
jXk AMp2`iB#BHBiv �M/ `Qr QT2`�iBQMbX

yX �bbmK2/ #�+F;`QmM/X

Ç q?�i ?�b #22M +Qp2`2/ BM hQTB+b R@k- 2bT2+B�HHv,ě
∗ RXd _Qr QT2`�iBQMb QM K�i`B+2bX
∗ RX3 _Qr QT2`�iBQMb �M/ K�i`Bt KmHiBTHB+�iBQMX

Ç jXR AMp2`iB#H2 K�i`B+2bX

�#bi`�+iX q2 BMi`Q/m+2,ě

Ç � M2+2bb�`v �M/ bm{+B2Mi +QM/BiBQM 7Q` BMp2`iB#BHBiv BM i2`Kb Q7 `Qr QT2`�iBQMb-
Ç ?Qr iQ /2i2`KBM2- 7Q` 2�+? ;Bp2M b[m�`2 K�i`Bt- r?2i?2` Bi Bb BMp2`iB#H2 Q` MQi- �M/ iQ r`Bi2 /QrM � K�i`Bt

BMp2`b2 r?2M Bi Bb BMp2`iB#H2- BM � bvbi2K�iB+ �M/ K2i?Q/B+�H r�vX

RX _2+�HH i?2 /2}MBiBQM 7Q` i?2 MQiBQM Q7 BMp2`iB#BHBiv 7Q` b[m�`2 K�i`Bt,ě
.2}MBiBQMX UAMp2`iB#BHBiv 7Q` b[m�`2 K�i`Bt- �M/ K�i`Bt BMp2`b2XV
amTTQb2 A Bb � (p× p)@b[m�`2 K�i`BtX
h?2M r2 b�v i?�i A Bb BMp2`iB#H2 B7 �M/ QMHv B7 i?2`2 Bb bQK2 (p × p)@b[m�`2 K�i`Bt B bm+? i?�i B Bb #Qi? � H27i
BMp2`b2 �M/ � `B;?i BMp2`b2 Q7 AX
am+? � K�i`Bt B Bb +�HH2/ � K�i`Bt BMp2`b2 Q7 AX

kX 1�`HB2` r2 ?�p2 K�/2 � +H�BK i?�i r2 ?�p2 MQi DmbiB}2/,ě

(!) �Mv ;Bp2M b[m�`2 K�i`Bt ?�b #Qi? H27i �M/ `B;?i BMp2`b2b- Q` M2Bi?2`X

h?Bb +H�BK Bb MQM@i`BpB�HX GQ;B+�HHv 2[mBp�H2Mi iQ (!) Bb i?2 2[m�HHv MQM@i`BpB�H +H�BK,

(!′) Ai Bb BKTQbbB#H2 7Q` � b[m�`2 K�i`Bt iQ ?�p2 QMHv � H27if`B;?i BMp2`b2- #mi MQi � `B;?ifH27i BMp2`b2 `2bT2+iBp2HvX

q2 MQr bi�`i iQ T�p2 i?2 r�v iQ DmbiB7v i?2 +H�BK (!)X
h?Bb bi�`ib rBi? irQ [m2biBQMb,ě
Zm2biBQM URVX >Qr iQ /2i2`KBM2- 7Q` 2�+? ;Bp2M b[m�`2 K�i`Bt- r?2i?2` Bi Bb BMp2`iB#H2 Q` MQi- �M/ iQ r`Bi2 /QrM
� K�i`Bt BMp2`b2 r?2M Bi Bb BMp2`iB#H2- BM � bvbi2K�iB+ �M/ K2i?Q/B+�H r�v\
Zm2biBQM UkVX >Qr Bb BMp2`iB#BHBiv Q7 b[m�`2 K�i`B+2b `2H�i2/ rBi? r?�i r2 ?�p2 H2�`Mi �H`2�/v QM `Qr QT2`�@
iBQMb U�M/fQ` Qi?2` i?BM;b- bm+? �b bvbi2Kb Q7 HBM2�` 2[m�iBQMb- HBM2�` +QK#BM�iBQMb- HBM2�` /2T2M/2M+2 �M/ HBM2�`
BM/2T2M/2M+2V\

jX hQ Q#i�BM bQK2 ?BMib 7Q` i?2 �Mbr2`b iQ i?2 [m2biBQMb �#Qp2- T2`?�Tb r2 }`bi �bF i?2 [m2biBQM #2HQr,ě
Zm2biBQM UyVX q?B+? b[m�`2 K�i`B+2b �`2 �H`2�/v FMQrM iQ #2 BMp2`iB#H2 #2+�mb2 r2 FMQr ?Qr iQ r`Bi2 /QrM
i?2B` K�i`Bt BMp2`b2b 2tTHB+BiHv\
AM 7�+i r2 FMQr � HQi Q7 bm+? b[m�`2 K�i`B+2b- 7`QK Qm` bim/v BM `Qr QT2`�iBQMb �M/ `Qr QT2`�iBQM K�i`B+2bX q2
`2+�HH i?Bb `2bmHi- H�#2HH2/ h?2Q`2K (†) ?2`2,ě
h?2Q`2K (†)X
amTTQb2 ρ Bb � `Qr QT2`�iBQM QM K�i`B+2b rBi? p `Qrb- �M/ ρ̃ Bb i?2 ǵ`2p2`b2 `Qr QT2`�iBQMǶX
U.2MQi2 #v M [ρ],M [ρ̃] i?2 (p×p)@b[m�`2 K�i`B+2b r?B+? �`2 i?2 `Qr@QT2`�iBQM K�i`B+2b �bbQ+B�i2/ rBi? ρ, ρ̃ `2bT2+@
iBp2HvXV
h?2M M [ρ̃]M [ρ] = Ip �M/ M [ρ]M [ρ̃] = IpX
_2K�`FX 6Q` `272`2M+2- i?2 ǵ7Q`KmH�2Ƕ 7Q` i?2 `Qr@QT2`�iBQM K�i`B+2b Q7 ǵ`2p2`b2 `Qr QT2`�iBQMbǶ 7Q` `Qr QT2`�@
iBQMb Q7 p�`BQmb ivT2b �`2 2tTHB+BiHv /2b+`B#2/ BM i?2 i�#H2 #2HQr,ě

_Qr QT2`�iBQM
ρ QM K�i`B+2b
rBi? p `QrbX

_Qr@QT2`�iBQM
K�i`Bt M [ρ]X

ǵ_2p2`b2
`Qr QT2`�iBQMǶ
ρ̃ 7Q` ρX

_Qr@QT2`�iBQM
K�i`Bt M [ρ̃]X

αRi +RkX Ip + αEp,p
k,i X −αRi +RkX Ip − αEp,p

k,i X
βRkX Ip + (β − 1)Ep,p

k,kX (1/β)RkX Ip + (1/β − 1)Ep,p
k,kX

Ri ↔ RkX Ip − Ep,p
i,i − Ep,p

k,k + Ep,p
i,k + Ep,p

k,i X Ri ↔ RkX Ip − Ep,p
i,i − Ep,p

k,k + Ep,p
i,k + Ep,p

k,i X

R
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9X AM i2`Kb Q7 i?2 /2}MBiBQM 7Q` i?2 MQiBQMb Q7 BMp2`iB#BHBiv �M/ K�i`Bt BMp2`b2- h?2Q`2K (†) +�M #2 `2@7Q`KmH�i2/ �b,ě
h?2Q`2K (1)X
amTTQb2 ρ Bb � `Qr QT2`�iBQM QM K�i`B+2b rBi? p `Qrb- �M/ ρ̃ Bb i?2 ǵ`2p2`b2 `Qr QT2`�iBQMǶX
h?2M i?2 `Qr@QT2`�iBQM K�i`B+2b M [ρ],M [ρ̃] �bbQ+B�i2/ rBi? ρ, ρ̃ `2bT2+iBp2Hv �`2 BMp2`iB#H2- �M/ �`2 K�i`Bt BMp2`b2b
Q7 2�+? Qi?2`,

M [ρ]−1 = M [ρ̃] �M/ M [ρ̃]−1 = M [ρ].

8X _2+�HH i?2 `2bmHi #2HQr- H�#2HH2/ h?2Q`2K (‡)- r?B+? ?�b #22M T`Qp2/ 2�`HB2`,ě
h?2Q`2K (‡)X
G2i A,B #2 (p× p)@b[m�`2 K�i`B+2bX
amTTQb2 A,B �`2 BMp2`iB#H2X
h?2M i?2 T`Q/m+i AB Bb BMp2`iB#H2 rBi? K�i`Bt BMp2`b2 ;Bp2M #v (AB)−1 = B−1A−1X

eX � +QMb2[m2M+2 Q7 h?2Q`2K URV �M/ h?2Q`2K (‡) UrBi? �M �TTHB+�iBQM Q7 K�i?2K�iB+�H BM/m+iBQMV Bb h?2Q`2K UkV,ě
h?2Q`2K UkVX
�HH T`Q/m+ib Q7 `Qr@QT2`�iBQM K�i`B+2b �`2 BMp2`iB#H2X

dX h?BMFBM; BM i2`Kb Q7 `Qr QT2`�iBQMb- r2 +�M i`�MbH�i2 i?2 `2bmHi /2b+`B#2/ BM h?2Q`2K UkV BMiQ,ě

Ç q?2M2p2` � b[m�`2 K�i`Bt Bb i?2 `2bmHi�Mi Q7 i?2 �TTHB+�iBQM Q7 bQK2 b2[m2M+2 Q7 `Qr QT2`�iBQMb QM i?2 B/2MiBiv
K�i`Bt- i?�i b[m�`2 K�i`Bt Bb BMp2`iB#H2X

aQ r2 bm//2MHv FMQr Q7 Km+? KQ`2 2t�KTH2b Q7 BMp2`iB#H2 K�i`B+2bX
"2HQr �`2 bQK2 2t�KTH2b Q7 BMp2`iB#H2 K�i`B+2b �`BbBM; 7`QK bT2+B}+ ivT2b Q7 `Qr QT2`�iBQMbX

3X 1t�KTH2 URVX U.B�;QM�H K�i`B+2b rBi? MQM@x2`Q /B�;QM�H 2Mi`B2b UQ7 bK�HH bBx2V �b T`Q/m+ib Q7 `Qr@
QT2`�iBQM K�i`B+2bXV
G2i α,α2,α3,α4 #2 MQM@x2`Q MmK#2`bX
h?2 /B�;QM�H K�i`Bt

diag(α1,α2,α3,α4) =




α1 0 0 0
0 α2 0 0
0 0 α3 0
0 0 0 α4





Bb BMp2`iB#H2X
a22M 7`QK i?2 TQBMi Q7 pB2r Q7 `Qr QT2`�iBQMb- diag(α1,α2,α3,α4) Bb i?2 `2bmHi�Mi Q7 i?2 �TTHB+�iBQMb QM I4 Q7 i?2
b2[m2M+2b Q7 `Qr QT2`�iBQMb

I4
α1R1−−−→ α2R2−−−→ α3R3−−−→ α4R4−−−→ diag(α1,α2,α3,α4).

q?2M r2 i?BMF BM i2`Kb Q7 `Qr@QT2`�iBQM K�i`B+2b- r2 Q#i�BM i?2 2[m�HBiv #2ir22M diag(α1,α2,α3,α4) �M/ � T`Q/m+i
Q7 b2p2`�H `Qr@QT2`�iBQM K�i`B+2b,

diag(α1,α2,α3,α4) =




1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 α4








1 0 0 0
0 1 0 0
0 0 α3 0
0 0 0 1








1 0 0 0
0 α2 0 0
0 0 1 0
0 0 0 1








α1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1





_2K�`FX q2 FMQr i?�i 2p2`v /B�;QM�H K�i`Bt r?Qb2 /B�;QM�H 2Mi`B2b �`2 MQM@x2`QX PM2 r�v iQ b22 i?Bb Bb iQ
i?BMF Q7 bm+? � K�i`Bt �b i?2 `2bmHi�Mi Q7 � b2[m2M+2 Q7 `Qr QT2`�iBQMb Q7 i?2 ivT2 ǵKmHiBTHvBM; � MQM@x2`Q b+�H�` iQ
� `QrǶX

NX 1t�KTH2 UkVX UlTT2` mMB@i`B�M;mH�` K�i`B+2b UQ7 bK�HH bBx2V �b T`Q/m+ib Q7 `Qr@QT2`�iBQM K�i`B+2bXV
G2i α12,α13,α14,α23,α24,α34 #2 MmK#2`bX
h?2 K�i`Bt

U(α12,α13,α14,α23,α24,α34) =




1 α12 α13 α14
0 1 α23 α24
0 0 1 α34
0 0 0 1





Bb BMp2`iB#H2- �b U(α12,α13,α14,α23,α24,α34) Bb i?2 `2bmHi�Mi Q7 i?2 �TTHB+�iBQMb QM I4 Q7 i?2 b2[m2M+2b Q7 `Qr
QT2`�iBQMb

I4
α12R2+R1−−−−−−−→ α13R3+R1−−−−−−−→ α23R3+R2−−−−−−−→ α14R4+R1−−−−−−−→ α24R4+R2−−−−−−−→ α34R4+R3−−−−−−−→ U(α12,α13,α14,α23,α24,α34).
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q?2M r2 i?BMF BM i2`Kb Q7 `Qr@QT2`�iBQM K�i`B+2b- r2 Q#i�BM i?2 2[m�HBiv #2ir22M U(α12,α13,α14,α23,α24,α34)
�M/ � T`Q/m+i Q7 b2p2`�H `Qr@QT2`�iBQM K�i`B+2b,

U(α12,α13,α14,α23,α24,α34)

=




1 0 0 0
0 1 0 0
0 0 1 α34
0 0 0 1








1 0 0 0
0 1 0 α24
0 0 1 0
0 0 0 1








1 0 0 α14
0 1 0 0
0 0 1 0
0 0 0 1








1 0 0 0
0 1 α23 0
0 0 1 0
0 0 0 1








1 0 α13 0
0 1 0 0
0 0 1 0
0 0 0 1








1 α12 0 0
0 1 0 0
0 0 1 0
0 0 0 1





_2K�`FX q?�i r2 ?�p2 b22M Bb �M mTT2` mMB@i`B�M;mH�` K�i`Bt Q7 bK�HH bBx2X
AM ;2M2`�H- �Mv (p× p)@b[m�`2 K�i`Bt r?B+? `2�/b





α11 α12 α13 · · · α1,p−2 α1,p−1 α1p
0 α22 α23 · · · α2,p−2 α2,p−1 α2p

0 0 α33
X X X α3,p−1 α3p

XXX
XXX X X X X X X X X X XXX

XXX
0 0 0

X X X αp−2,p−2 αp−2,p−1 αp−2,p
0 0 0 · · · 0 αp−1,p−1 αp−1,p
0 0 0 · · · 0 0 αpp





UBM i?2 (i, j)@i? 2Mi`v Bb 0 r?2M2p2` i > jV Bb +�HH2/ �M mTT2` i`B�M;mH�` K�i`BtX
A7 �HH i?2 /B�;QM�H 2Mi`B2b α11,α22, · · · ,αpp �`2 2[m�H iQ 1- bm+? � K�i`Bt Bb +�HH2/ �M mTT2` mMB@i`B�M;mH�` K�i`BtX
1p2`v mTT2` mMB@i`B�M;mH�` K�i`Bt Bb BMp2`iB#H2- �b Bi Bb i?2 `2bmHi�Mi QM i?2 B/2MiBiv K�i`Bt Q7 � b2[m2M+2 Q7 `Qr
QT2`�iBQMb Q7 i?2 ivT2 ǵ�//BM; � b+�H�` KmHiBTH2 Q7 QM2 `Qr iQ �MQi?2`ǶX
6m`i?2` `2K�`FX �M�HQ;Qmb iQ mTT2` i`B�M;mH�` K�i`B+2b �M/ mTT2` mMB@i`B�M;mH�` K�i`B+2b �`2 HQr2` i`B�M@
;mH�` K�i`B+2b �M/ HQr2` mMB@i`B�M;mH�` K�i`B+2bX U6Q`KmH�i2 i?2B` `2bT2+iBp2 /2}MBiBQMb �b 2t2`+Bb2bXV 1p2`v
HQr2` mMB@i`B�M;mH�` K�i`Bt Bb BMp2`iB#H2- #2BM; i?2 `2bmHi�Mi QM i?2 B/2MiBiv K�i`Bt Q7 � b2[m2M+2 Q7 `Qr QT2`�iBQMb
Q7 i?2 ivT2 ǵ�//BM; � b+�H�` KmHiBTH2 Q7 QM2 `Qr iQ �MQi?2`ǶX

RyX 1t�KTH2 UjVX US2`Kmi�iBQM K�i`B+2b UQ7 bK�HH bBx2V �b T`Q/m+ib Q7 `Qr@QT2`�iBQM K�i`B+2bXV

G2i M =





0 0 0 1 0
0 0 0 0 1
0 1 0 0 0
0 0 1 0 0
1 0 0 0 0



X

h?2 K�i`Bt M Bb BMp2`iB#H2- �b Bi Bb i?2 `2bmHi�Mi Q7 i?2 �TTHB+�iBQM QM I5 Q7 i?2 b2[m2M+2 Q7 `Qr QT2`�iBQMb

I5
R1↔R5−−−−−→ R2↔R3−−−−−→ R3↔R4−−−−−→ R4↔R5−−−−−→ M

q?2M r2 i?BMF BM i2`Kb Q7 `Qr@QT2`�iBQM K�i`B+2b- r2 Q#i�BM i?2 2[m�HBiv #2ir22M M �M/ � T`Q/m+i Q7 b2p2`�H
`Qr@QT2`�iBQM K�i`B+2b,

M =





1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 0 1
0 0 0 1 0









1 0 0 0 0
0 1 0 0 0
0 0 0 1 0
0 0 1 0 0
0 0 0 0 1









1 0 0 0 0
0 0 1 0 0
0 1 0 0 0
0 0 0 1 0
0 0 0 0 1









0 0 0 0 1
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
1 0 0 0 0





_2K�`FX q?�i r2 ?�p2 b22M Bb � T2`Kmi�iBQM K�i`Bt Q7 bK�HH bBx2X
�Mv (p× p)@K�i`Bt BM r?B+? i?2`2 Bb 2t�+iHv QM2 1 BM 2�+? `Qr �M/ 2�+? +QHmKM- �M/ 2p2`v Qi?2` 2Mi`v Bb 0 Bb +�HH2/
� T2`Kmi�iBQM K�i`BtX

Ç h?2b2 �`2 �HH i?2 (2× 2)@T2`Kmi�iBQM K�i`B+2b,ě
[
1 0
0 1

]
-
[
0 1
1 0

]

Ç h?2b2 �`2 �HH i?2 (3× 3)@T2`Kmi�iBQM K�i`B+2b,ě
[

1 0 0
0 1 0
0 0 1

]
-
[

0 1 0
0 0 1
1 0 0

]
-
[

0 0 1
1 0 0
0 1 0

]
-
[

0 1 0
1 0 0
0 0 1

]
-
[

0 0 1
0 1 0
1 0 0

]
-
[

1 0 0
0 0 1
0 1 0

]
X

Ç h?2`2 �`2 ir2Miv@7Qm` (4×4)@T2`Kmi�iBQM K�i`B+2b- �M/ QM2 ?mM/`2/ �M/ ir2Miv (5×5)@T2`Kmi�iBQM K�i`B+2bX
1i +2i2`�X
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1p2`v T2`Kmi�iBQM K�i`Bt Bb BMp2`iB#H2- �b Bi Bb i?2 `2bmHi�Mi QM i?2 B/2MiBiv K�i`Bt Q7 � b2[m2M+2 Q7 `Qr QT2`�iBQMb
Q7 i?2 ivT2 ǵBMi2`+?�M;BM; irQ `QrbǶX Uh?Bb +�M #2 T`Qp2/ rBi? i?2 K2i?Q/ Q7 K�i?2K�iB+�H BM/m+iBQMXV

RRX h?2Q`2K UkV �M/ 1t�KTH2 URV- 1t�KTH2 UkV- 1t�KTH2 UjV bm;;2bi �MQi?2` [m2biBQM,
Zm2biBQM UjVX Ab i?2`2 �Mv BMp2`iB#H2 K�i`Bt Qi?2` i?�M i?Qb2 r?B+? �`2 `2bmHi�Mi 7`QK i?2 �TTHB+�iBQM QM i?2
B/2MiBiv K�i`Bt Q7 p�`BQmb b2[m2M+2b Q7 `Qr QT2`�iBQMb\

RkX �HH i?2 [m2biBQMb r2 ?�p2 TQb2/ �#Qp2 �`2 +QKT`2?2MbBp2Hv �Mbr2`2/ #v i?2 `2bmHi #2HQrX
h?2Q`2K UjVX U_2@7Q`KmH�iBQM Q7 BMp2`iB#BHBiv BM i2`Kb Q7 `Qr QT2`�iBQMbXV
amTTQb2 A Bb � (p× p)@b[m�`2 K�i`BtX h?2M i?2 bi�i2K2Mib #2HQr �`2 HQ;B+�HHv 2[mBp�H2Mi,ě

U�V A Bb BMp2`iB#H2X
U#V A Bb `Qr@2[mBp�H2Mi iQ IpX
U+V A Bb � T`Q/m+i Q7 (p× p)@`Qr@QT2`�iBQM K�i`B+2bX

LQr bmTTQb2 �Mv QM2 Q7 i?2 �#Qp2 ?QH/b U�M/ ?2M+2 �HH ?QH/VX h?2M i?2 bi�i2K2Mib #2HQr ?QH/,ě

(α) [ A Ip ] Bb `Qr@2[mBp�H2Mi iQ [ Ip A−1 ]X
(β) Ip Bb i?2 QMHv `2/m+2/ `Qr@2+?2HQM 7Q`K r?B+? Bb `Qr@2[mBp�H2Mi iQ AX

_2K�`FX h?2 T`QQ7 Q7 h?2Q`2K UjV Bb TQbiTQM2/X AM 7�+i- r2 rBHH H�i2` bi�i2 � ǵ7mHH2` p2`bBQMǶ Q7 h?2Q`2K UjV-
�M/ ;Bp2 i?2 7mHH �`;mK2MiX 6Q` i?2 KQK2Mi r2 i�F2 Bib p�HB/Biv 7Q` ;`�Mi2/- �M/ b22,ě

Ç >Qr h?2Q`2K UjV Bb �TTHB2/ iQ /2i2`KBM2- 7Q` 2�+? ;Bp2M b[m�`2 K�i`Bt- r?2i?2` Bi Bb BMp2`iB#H2 Q` MQi- �M/ iQ
r`Bi2 /QrM � K�i`Bt BMp2`b2 r?2M Bi Bb BMp2`iB#H2- BM � bvbi2K�iB+ �M/ K2i?Q/B+�H r�vX

RjX ǵ�H;Q`Bi?KǶ �bbQ+B�i2/ iQ h?2Q`2K UjVX
G2i A #2 � (p× p)@b[m�`2 K�i`BtX
q2 �`2 ;QBM; iQ /2i2`KBM2 r?2i?2` A Bb BMp2`iB#H2- �M/ iQ Q#i�BM i?2 K�i`Bt BMp2`b2 A−1 r?2M Bi Bb BMp2`iB#H2,
ai2T URVX 6Q`K i?2 (p× 2p)@K�i`Bt C = [ A Ip ]X
ai2T UkVX P#i�BM bQK2 `Qr@2+?2HQM 7Q`K C" r?B+? Bb `Qr@2[mBp�H2Mi iQ C- �M/ B/2MiB7v i?2 (p×p)@b[m�`2 K�i`B+2b
A", B" 7Q` r?B+? i?2 2[m�HBiv C" =

[
A" B"

]
?QH/bX

ULQi2 i?�i A" Bb � `Qr@2+?2HQM 7Q`K- #2+�mb2 C" Bb � `Qr@2+?2HQM 7Q`KXV
ai2T UjVX AMbT2+i i?2 `Qr@2+?2HQM 7Q`K A"- �M/ �bF,ě
Ab 2p2`v +QHmKM Q7 A" � TBpQi +QHmKM\

Ç A7 MQ- i?2M +QM+Hm/2 i?�i A Bb MQi BMp2`iB#H2X
Ç A7 v2b- i?2M +QM+Hm/2 i?�i A Bb BMp2`iB#H2X

hQ Q#i�BM i?2 K�i`Bt BMp2`b2 Q7 A- ;Q iQ ai2T U9VX

ai2T U9VX P#i�BM bQK2 `2/m+2/ `Qr@2+?2HQM 7Q`K C ′ r?B+? Bb `Qr@2[mBp�H2Mi iQ C"- �M/ B/2MiB7v i?2 (p×p)@b[m�`2
K�i`Bt B′ 7Q` r?B+? C ′ = [ Ip B′ ]X
*QM+Hm/2 i?�i A−1 = B′X
U�b � #QMmb r2 �HbQ Q#i�BM � ǵ7�+iQ`Bx�iBQMǶ Q7 A �M/ A−1 �b T`Q/m+ib Q7 `Qr@QT2`�iBQM K�i`B+2b- `mMMBM; i?`Qm;?
�HH 7Qm` bi2TbXV

R9X 1t�KTH2 U9VX UAHHmbi`�iBQMb QM i?2 mb2 Q7 `Qr QT2`�iBQMb 7Q` /2i2`KBMBM; r?2i?2` � b[m�`2 K�i`Bt Bb
BMp2`iB#H2 �M/ 7Q` +QKTmiBM; K�i`Bt BMp2`b2XV

U�V G2i A =

[
1 3 5
1 1 1
3 5 4

]
X

q2 r�Mi iQ /2i2`KBM2 r?2i?2` A Bb BMp2`iB#H2- �M/ iQ }M/ i?2 K�i`Bt BMp2`b2 Q7 A B7 A Bb BMp2`iB#H2X
.2}M2 C = [ A I3 ]X
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P#i�BM 7`QK C � `Qr@2+?2HQM 7Q`K C" r?B+? Bb `Qr@2[mBp�H2Mi iQ C,

C =

[
1 3 5 1 0 0
1 1 1 0 1 0
3 5 4 0 0 1

]
−1R1+R2−−−−−−→ −3R1+R3−−−−−−→

[
1 3 5 1 0 0
0 −2 −4 −1 1 0
0 −4 −11 −3 0 1

]

−1R2+R3−−−−−−→
[

1 3 5 1 0 0
0 −2 −4 −1 1 0
0 0 −3 −1 −2 1

]
= C" =

[
A" B"

]

BM r?B+? A" =

[
1 3 5
0 −2 −4
0 0 −3

]
- B" =

[
1 0 0
−1 1 0
−1 −2 1

]
X

LQi2 i?�i 2p2`v +QHmKM BM i?2 `Qr@2+?2HQM 7Q`K A" Bb TBpQi +QHmKMX h?2M A Bb BMp2`iB#H2X
Uq?�i Bb /QM2 M2ti Bb iQ Q#i�BM i?2 K�i`Bt BMp2`b2 Q7 AXV
q2 7m`i?2` Q#i�BM 7`QK C" � `2/m+2/ `Qr@2+?2HQM 7Q`K C ′ r?B+? Bb `Qr@2[mBp�H2Mi iQ C,

C −→ · · · · · · · · · −→ C" =

[
1 3 5 1 0 0
0 −2 −4 −1 1 0
0 0 −3 −1 −2 1

]
− 1

2R2−−−−→
− 1

3R3−−−−→
[

1 3 5 1 0 0
0 1 2 1/2 −1/2 0
0 0 1 1/3 2/3 −1/3

]

−3R2+R1−−−−−−→
[

1 0 −1 −1/2 3/2 0
0 1 2 1/2 −1/2 0
0 0 1 1/3 2/3 −1/3

]

1R3+R1−−−−−→ −2R3+R2−−−−−−→
[

1 0 0 −1/6 13/6 −1/3
0 1 0 −1/6 −11/6 2/3
0 0 1 1/3 2/3 −1/3

]
= C ′ = [ I3 A−1 ]

>2M+2 A−1 =

[ −1/6 13/6 −1/3
−1/6 −11/6 2/3
1/3 2/3 −1/3

]
X

�b � #QMmb r2 Q#i�BM i?2b2 7�+iQ`Bx�iBQMb,ě

A = G1G2G3G4G5G6G7G8, �M/ A−1 = G8
−1G7

−1G6
−1G5

−1G4
−1G3

−1G2
−1G1

−1,

BM r?B+? 




G1 = M [1R1 +R2], G1
−1 = M [−1R1 +R2]

G2 = M [3R1 +R3], G2
−1 = M [−3R1 +R3]

G3 = M [1R2 +R3], G3
−1 = M [−1R2 +R3]

G4 = M [−2R2], G4
−1 = M [− 1

2R2]
G5 = M [−3R3], G5

−1 = M [− 1
3R3]

G6 = M [3R2 +R1], G6
−1 = M [−3R2 +R1]

G7 = M [−1R3 +R1], G7
−1 = M [1R3 +R1]

G8 = M [2R3 +R2], G8
−1 = M [−2R3 +R2]

U#V G2i A =




1 2 3 6
2 5 7 15
3 8 10 20
4 13 17 38



X

q2 r�Mi iQ /2i2`KBM2 r?2i?2` A Bb BMp2`iB#H2- �M/ iQ }M/ i?2 K�i`Bt BMp2`b2 Q7 A B7 A Bb BMp2`iB#H2X
.2}M2 C = [ A I4 ]X
P#i�BM 7`QK C � `Qr@2+?2HQM 7Q`K C" r?B+? Bb `Qr@2[mBp�H2Mi iQ C,

C =




1 2 3 6 1 0 0 0
2 5 7 15 0 1 0 0
3 8 10 20 0 0 1 0
4 13 17 38 0 0 0 1



 −2R1+R2−−−−−−→ −3R1+R3−−−−−−→ −4R1+R4−−−−−−→




1 2 3 6 1 0 0 0
0 1 1 3 −2 1 0 0
0 2 1 2 −3 0 1 0
0 5 5 14 −4 0 0 1





−2R2+R3−−−−−−→ −5R2+R4−−−−−−→




1 2 3 6 1 0 0 0
0 1 1 3 −2 1 0 0
0 0 −1 −4 1 −2 1 0
0 0 0 −1 6 −5 0 1



 = C" =
[
A" B"

]

BM r?B+? A" =




1 2 3 6
0 1 1 3
0 0 −1 −4
0 0 0 −1



- B" =




1 0 0 0
−2 1 0 0
1 −2 1 0
6 −5 0 1



X

LQi2 i?�i 2p2`v +QHmKM BM i?2 `Qr@2+?2HQM 7Q`K A" Bb TBpQi +QHmKMX h?2M A Bb BMp2`iB#H2X
Uq?�i Bb /QM2 M2ti Bb iQ Q#i�BM i?2 K�i`Bt BMp2`b2 Q7 AXV
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q2 7m`i?2` Q#i�BM 7`QK C" � `2/m+2/ `Qr@2+?2HQM 7Q`K C ′ r?B+? Bb `Qr@2[mBp�H2Mi iQ C,

C −→ · · · · · · · · · −→ C" =




1 2 3 6 1 0 0 0
0 1 1 3 −2 1 0 0
0 0 −1 −4 1 −2 1 0
0 0 0 −1 6 −5 0 1





−1R3−−−→ −1R4−−−→




1 2 3 6 1 0 0 0
0 1 1 3 −2 1 0 0
0 0 1 4 −1 2 −1 0
0 0 0 1 −6 5 0 −1



 −2R2+R1−−−−−−→




1 0 1 0 5 −2 0 0
0 1 1 3 −2 1 0 0
0 0 1 4 −1 2 −1 0
0 0 0 1 −6 5 0 −1





−1R3+R1−−−−−−→ −1R3+R2−−−−−−→




1 0 0 −4 6 −4 1 0
0 1 0 −1 −1 −1 1 0
0 0 1 4 −1 2 −1 0
0 0 0 1 −6 5 0 −1





4R4+R1−−−−−→ 1R4+R2−−−−−→ −4R4+R3−−−−−−→




1 0 0 0 −18 16 1 −4
0 1 0 0 −7 4 1 −1
0 0 1 0 23 −18 −1 4
0 0 0 1 −6 5 0 −1



 = C ′ = [ I4 A−1 ]

>2M+2 A−1 =




−18 16 1 −4
−7 4 1 −1
23 −18 −1 4
−6 5 0 −1



X

�b � #QMmb r2 Q#i�BM i?2b2 7�+iQ`Bx�iBQMb,ě

A = G1G2G3G4G5G6G7G8G9G10G11G12G13

�M/
A−1 = G13

−1G12
−1G11

−1G10
−1G9

−1G8
−1G7

−1G6
−1G5

−1G4
−1G3

−1G2
−1G1

−1,

BM r?B+? 




G1 = M [2R1 +R2], G1
−1 = M [−2R1 +R2]

G2 = M [3R1 +R3], G2
−1 = M [−3R1 +R3]

G3 = M [4R1 +R4], G3
−1 = M [−4R1 +R4]

G4 = M [2R2 +R3], G4
−1 = M [−2R2 +R3]

G5 = M [5R2 +R4], G5
−1 = M [−5R2 +R4]

G6 = M [−1R3], G6
−1 = M [−1R3]

G7 = M [−1R4], G7
−1 = M [−1R4]

G8 = M [2R2 +R1], G8
−1 = M [−2R2 +R1]

G9 = M [1R3 +R1], G9
−1 = M [−1R3 +R1]

G10 = M [1R3 +R2], G10
−1 = M [−1R3 +R2]

G11 = M [−4R4 +R1], G11
−1 = M [4R4 +R1]

G12 = M [−1R4 +R2], G12
−1 = M [1R4 +R2]

G13 = M [4R4 +R3], G13
−1 = M [−4R4 +R3]

U+V G2i A =

[
1 3 5
2 8 14
−1 3 7

]
X

q2 r�Mi iQ /2i2`KBM2 r?2i?2` A Bb BMp2`iB#H2- �M/ iQ }M/ i?2 K�i`Bt BMp2`b2 Q7 A B7 A Bb BMp2`iB#H2X
.2}M2 C = [ A I3 ]X
P#i�BM 7`QK C � `Qr@2+?2HQM 7Q`K C" r?B+? Bb `Qr@2[mBp�H2Mi iQ C,

C =

[
1 3 5 1 0 0
2 8 14 0 1 0
−1 3 7 0 0 1

]
−2R1+R2−−−−−−→ 1R1+R3−−−−−→

[
1 3 5 1 0 0
0 2 4 −2 1 0
0 6 12 1 0 1

]

−3R2+R3−−−−−−→
[

1 3 5 1 0 0
0 2 4 −2 1 0
0 0 0 7 −3 1

]
= C" =

[
A" B"

]

BM r?B+? A" =

[
1 3 5
0 2 4
0 0 0

]
- B" =

[
1 0 0
−2 1 0
7 −3 1

]
X

LQi2 i?�i bQK2 +QHmKM BM i?2 `Qr@2+?2HQM 7Q`K A"- bm+? �b i?2 3@`/ +QHmKM- 7�BHb iQ #2 � TBpQi +QHmKMX h?2M
A Bb MQi BMp2`iB#H2X

U/V G2i A =




1 3 5 7
4 14 24 36
1 9 17 28
2 4 6 12



X
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q2 r�Mi iQ /2i2`KBM2 r?2i?2` A Bb BMp2`iB#H2- �M/ iQ }M/ i?2 K�i`Bt BMp2`b2 Q7 A B7 A Bb BMp2`iB#H2X
.2}M2 C = [ A I4 ]X
P#i�BM 7`QK C � `Qr@2+?2HQM 7Q`K C" r?B+? Bb `Qr@2[mBp�H2Mi iQ C,

C =




1 3 5 7 1 0 0 0
4 14 24 36 0 1 0 0
1 9 17 28 0 0 1 0
2 4 6 12 0 0 0 1



 −4R1+R2−−−−−−→ −1R1+R3−−−−−−→ −2R1+R4−−−−−−→




1 3 5 7 1 0 0 0
0 2 4 8 −4 1 0 0
0 6 12 21 −1 0 1 0
0 −2 −4 −2 −2 0 0 1





−3R2+R3−−−−−−→ 1R2+R4−−−−−→




1 3 5 7 1 0 0 0
0 2 4 8 −4 1 0 0
0 0 0 −3 11 −3 1 0
0 0 0 6 −6 1 0 1





2R3+R4−−−−−→




1 3 5 7 1 0 0 0
0 2 4 8 −4 1 0 0
0 0 0 −3 11 −3 1 0
0 0 0 0 16 −5 2 1



 = C" =
[
A" B"

]

BM r?B+? A" =




1 3 5 7
0 2 4 8
0 0 0 −3
0 0 0 0



- B" =




1 0 0 0
−4 1 0 0
11 −3 1 0
16 −5 2 1



X

LQi2 i?�i bQK2 +QHmKM BM i?2 `Qr@2+?2HQM 7Q`K A"- bm+? �b i?2 3@`/ +QHmKM- 7�BHb iQ #2 � TBpQi +QHmKMX h?2M
A Bb MQi BMp2`iB#H2X
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